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In this paper we dene an abstrat notion of double Lie algebroid, and onsider three
major lasses of examples.
Firstly, we verify that the double Lie algebroid of a double Lie groupoid, and more generally
an LA-groupoid, as onstruted in [9℄, is an abstrat double Lie algebroid. A large part of
the neessary work for this was done in [10℄.
Seondly we onsider Lie bialgebroids. We show that the double otangent of a Lie bialge-
broid is a double Lie algebroid and, further, that the double otangent of an a priori unrelated
pair of Lie algebroid strutures on a vetor bundle and its dual form a Lie bialgebroid if and
only if the double otangent is a double Lie algebroid. We argue that this is an appropriate
form of the Manin triple result for Lie bialgebroids.
Thirdly we onsider vaant double Lie algebroids and show that they are equivalent to a
mathed pair struture on the two side Lie algebroids.
The paper begins with a preliminary study of the triple strutures assoiated with the
tangent and otangent of a double vetor bundle.
Several of the results of this paper were announed without proof in [11℄, whih should be
read as an introdution to this paper. I am very grateful to Johannes Huebshmann, Yvette
KosmannShwarzbah, Alan Weinstein and Ping Xu for onversations on this material at
various stages.
∗
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1 COTANGENT TRIPLE VECTOR BUNDLES
A double vetor bundle is a diagram as in Figure 1(a), in whih eah side has a vetor bundle
struture, and the two strutures on A ommute in the sense that the maps dening eah
q˜H
A −−−→ AV
q˜V
y
y qV
AH −−−→ M
qH
(a)
q˜
(∗)
V
A∗V −−−→ K∗
q˜∗V
y
y qK
∗
AH −−−→ M
qH
(b)
Figure 1:
struture on A (the bundle projetion, zero setion, addition and salar multipliation) are
morphisms with respet to the other. This is preisely what is needed to ensure that when
four elements ξ1, . . . , ξ4 of A are suh that the LHS of
(ξ1 +
H
ξ2) +
V
(ξ3 +
H
ξ4) = (ξ1 +
V
ξ3) +
H
(ξ2 +
H
ξ4)
is dened, then the RHS is also, and they are equal. See [16℄ or [8, 1℄.
The ore of the double vetor bundle A is the intersetion K of the kernels of the two
projetions q˜H and q˜V ; the vetor bundle strutures on A indue a ommon vetor bundle
struture on K with base M . The dual A∗V of the vertial bundle struture on A has, in
addition to its standard struture on base AH , a vetor bundle struture on base K∗. The
projetion is dened by
〈q˜
(∗)
V (Φ), k〉 = 〈Φ, 0˜
V
X
+
H
k〉 (1)
where Φ: q˜−1V (X)→ R, X ∈ A
H
m, and k ∈ Km. The addition +
H
in A∗V → K∗ is dened by
〈Φ +
H
Φ′, ξ +
H
ξ′〉 = 〈Φ, ξ〉+ 〈Φ′, ξ′〉 (2)
and the zero above κ ∈ K∗m is 0˜
(∗V )
κ dened by
〈 0˜(∗V )κ , 0˜
H
x
+
V
k〉 = 〈κ, k〉
where x ∈ AVm, k ∈ Km. The salar multipliation is dened in a similar way. These two
strutures make A∗V a double vetor bundle as in Figure 1(b), the vertial dual of A. Its ore
is (AV )∗: the ore element ψ orresponding to ψ ∈ (AVm)
∗
is
〈ψ, 0˜Hx +
V
k〉 = 〈ψ, x〉.
See [17℄ or [10, 3℄.
There is also a horizontal dual A∗H with sides AV and K∗ and ore (AH)∗. The two duals
are themselves dual, the pairing being given by
〈Φ,Ψ〉 = 〈Ψ, ξ〉 − 〈Φ, ξ〉 (3)
2
where Φ ∈ A∗V , Ψ ∈ A∗H have q˜
(∗)
V (Φ) = q˜
(∗)
H (Ψ) and ξ is any element of A with q˜V (ξ) =
q˜∗V (Φ) and q˜H(ξ) = q˜∗H(Ψ). See [10, 3℄; this pairing has also been found in [3℄.
This pairing ould equally well be replaed by its negative. We regard the hoie of sign
as an extra struture on A and write (A;AH , AV ;M)+ or (A;AV , AH ;M)− for the above
onvention and (A;AH , AV ;M)− or (A;AV , AH ;M)+ for the opposite.
For an ordinary vetor bundle (A, q,M) there is the tangent double vetor bundle of
Figure 2(a); for more detail on this see [1℄ or [12, 5℄. Its vertial dual is the otangent
T (q)
TA −−−→ TM
pA
y
y p
A −−−→ M
q
(a)
r
T ∗A −−−→ A∗
cA
y
y q∗
A −−−→ M
q
(b)
Figure 2:
double vetor bundle of Figure 2(b). Its horizontal dual we denote (T •A;A∗, TM ;M); this is
anonially isomorphi to (T (A∗);A∗, TM ;M) under an isomorphism I:T (A∗)→ T •A given
by
〈I(X ), ξ〉 = 〈〈X , ξ〉〉
where X ∈ T (A∗), ξ ∈ TA have T (q∗)(X ) = T (q)(ξ), and 〈〈 , 〉〉 is the tangent pairing of
T (A∗) and TA over TM . See [12, 5℄.
The struture of A = TA thus indues a pairing of T ∗A and T (A∗) over A∗ given by
〈Φ,X〉 = 〈〈X , ξ〉〉 − 〈Φ, ξ〉
where Φ ∈ T ∗A,X ∈ T (A∗) have r(Φ) = pA∗(X ) and ξ ∈ TA is hosen so that T (q)(ξ) =
T (q∗)(X ) and pA(ξ) = cA(Φ). This pairing is nondegenerate by a general result [10, 3.1℄ so it
denes an isomorphism of double vetor bundles R:T ∗A∗ → T ∗A by the ondition
〈R(F),X〉 = 〈F ,X〉
where the pairing on the RHS is the standard one of T ∗(A∗) and T (A∗) over A∗. This R
preserves the side bundles A and A∗ but indues −id:T ∗M → T ∗M as the map of ores. In
summary we now have the very useful equation
〈F ,X〉 + 〈R(F), ξ〉 = 〈〈X , ξ〉〉, (4)
for F ∈ T ∗A∗,X ∈ T (A∗), ξ ∈ TA, where the pairings are over A∗, A and TM respetively.
See [12, 5.5℄.
Now return to the general double vetor bundle in Figure 1(a), denoting the ore by K.
Sine A has two vetor bundle strutures, it has two double otangent bundles. These t
together into a triple struture as the left and rear faes of Figure 3(a), the top fae being
essentially the otangent double of the two duals of A. This is, in a sense we will make preise
elsewhere, the vertial dual of the tangent prolongation of A in Figure 3(b). Five of the six
3
T ∗A −−−→ A∗H
y
y
A −−−→ AV
❙
❙
❙
❙
❙❙✇
❙
❙
❙
❙
❙❙✇
❙
❙
❙
❙
❙❙✇
❙
❙
❙
❙✇
A∗V −−−→ K∗
y
y
AH −−−→ M
(a)
TA −−−→ T (AV )
y
y
A −−−→ AV
❙
❙
❙
❙
❙❙✇
❙
❙
❙
❙
❙❙✇
❙
❙
❙
❙
❙❙✇
❙
❙
❙
❙✇
T (AH) −−−→ TM
y
y
AH −−−→ M
(b)
Figure 3:
faes in (a) are double vetor bundles of types onsidered already; it is only neessary to
verify that the top fae is a double vetor bundle. (In all diagrams of this type, we take the
oblique arrows to be oming out of the page.) The ores of the ve faes are known, and we
take the ore of the top fae to be T ∗K, in aordane with [10, 1.5℄. Taking these ores in
pairs, with the edges parallel to them, then gives three double vetor bundles: the leftright
ores form (T ∗(AH);AH , (AH )∗;M), the bakfront ores form (T ∗(AV );AV , (AV )∗;M) and
the topdown ores form (T ∗K;K,K∗;M). Eah of these ore double vetor bundles has ore
T ∗M .
We will also need to onsider the otangent triples of the two duals of A. Figure 4(a) is
the otangent triple of the double vetor bundle (A∗V ;AH ,K∗;M); the † denotes the dual
over K∗. We use the isomorphisms of double vetor bundles
ZV : (A
∗H)† → A∗V , ZH : (A
∗V )† → A∗H
indued by the pairing (3). Note that ZV preserves both sides, A
H
and K∗, but indues
−id: (AV )∗ → (AV )∗ on the ores, while ZH preserves K
∗
and the ore (AH)∗, but indues
−id on the sides AV ; this reets the fat that ZV = Z
†
H , the dual over K
∗
; see [10, 3.6℄.
In the ase of Figure 2(a), we have ZV = R ◦ I
†
, where the
†
dual here is over A∗.
2 ABSTRACT DOUBLE LIE ALGEBROIDS
We ome now to the denition of a double Lie algebroid. It will be useful to have a name for
a very speial ase.
Denition 2.1 An LA-vetor bundle is a double vetor bundle as in Figure 1(a) together
with Lie algebroid strutures on a pair of parallel sides, suh that the struture maps of the
other pair of vetor bundle strutures are Lie algebroid morphisms.
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T ∗(A∗V ) −−−→ (A∗V )† ∼= A∗H
y
y
A∗V −−−→ K∗
❙
❙
❙
❙
❙❙✇
❙
❙
❙
❙
❙❙✇
❙
❙
❙
❙
❙❙✇
❙
❙
❙
❙✇
A −−−→ AV
y
y
AH −−−→ M
(a)
T (A∗V ) −−−→ T (K∗)
y
y
A∗V −−−→ K∗
❙
❙
❙
❙
❙❙✇
❙
❙
❙
❙
❙❙✇
❙
❙
❙
❙
❙❙✇
❙
❙
❙
❙✇
T (AH) −−−→ TM
y
y
AH −−−→ M
(b)
Figure 4:
For deniteness, take the Lie algebroid strutures to be on A → AH and AV →M .
In the terminology of [8, 4℄, an LA-vetor bundle is an LA-groupoid in whih the groupoid
strutures are vetor bundles (and in whih the salar multipliation also preserves the Lie
algebroid strutures). The ore of an LA-groupoid has a Lie algebroid struture indued
from the Lie algebroid struture on A [8, 5℄. Eah k ∈ ΓK indues k ∈ ΓAHA dened by
k(X) = k(m) +
H
0˜VX for X ∈ A
H
m and the braket on ΓK is obtained by [k, ℓ] = [k, ℓ].
Lemma 2.2 The anhor and the braket on the ore of an LA-vetor bundle are zero.
Proof. The anhor a˜V :A → T (A
H) is a morphism of double vetor bundles and therefore
indues a ore map ∂H :K → AH whih, by [8, 5℄, is a Lie algebroid morphism. Sine AH is
abelian, we have aK = aH ◦ ∂
H = 0.
Horizontal salar multipliation by t 6= 0 denes a morphism A → A over AH → AH
and therefore indues a map of setions tH : ΓAHA → ΓAHA; the Lie algebroid ondition then
ensures that [tH(ξ), tH(η)] = tH([ξ, η]) for all ξ, η ∈ ΓAHA. Now for k ∈ ΓK, tk = tH(k) and
so t[k, ℓ] = [tH(ξ), tH(η)] = [tk, tℓ] = t2[k, ℓ]. Therefore the braket must be zero.
We an also apply the alulus developed in [10, 3℄ for general LA-groupoids. Consider
the Poisson struture on A∗V . Sine it is linear over AH , the Poisson anhor π#V :T ∗(A∗V )→
T (A∗V ) is a morphism of double vetor bundles for the left faes of Figure 4, with the orner
map A → T (AH) being a˜V and ore map −a˜
∗
V :T
∗(AH)→ A∗V .
Now applying [10, 3.14℄, the Poisson strutures on A∗V and K∗ make A∗V → K∗ a Poisson
groupoid; sine the Poisson struture on K∗ is zero, this is a Poisson vetor bundle in the
usual sense. Thus π#V is also a morphism of double vetor bundles for the rear faes of
Figure 4. Denote the orner map (A∗V )† → T (K∗) by χV ; sine π
#V
is skewsymmetri, the
ore map of the rear faes is −χ∗V :T
∗K∗ → A∗V . It then follows by a simple argument (as in
[10, 2.3℄) that π#V is a morphism of triple vetor bundles.
We now turn to the general notion of double Lie algebroid. Again onsider a double vetor
bundle as in Figure 1(a). We now assume that there are Lie algebroid strutures on all four
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sides. The denition omprises three onditions.
Condition I
With respet to the two vertial Lie algebroids, A → AH and AV → M , the double vetor
bundle A is an LA-vetor bundle. Likewise, with respet to the two horizontal Lie algebroids,
A → AV and AH →M , the double vetor bundle A is an LA-vetor bundle.
Denote the four anhors by a˜V :A → T (A
H), a˜H :A → T (A
V ), aV :A
V → TM and
aH :A
H → TM . As usual we denote all four brakets by [ , ]; the notation for elements will
make lear whih struture we are using.
The anhors thus give morphisms of double vetor bundles
(a˜V ; id, aV ; id): (A;A
H , AV ;M)→ (T (AH);AH , TM ;M),
(a˜H ; aH , id; id): (A;A
H , AV ;M)→ (T (AV );TM,AV ;M)
and so dene morphisms of their ores; denote these by ∂H :K → AH and ∂V :K → AV .
Now return to π#V and Figure 4. Sine the orner map A → T (AH) is a˜V , the orner
map AV → TM is aV (or −aV if ZH is inorporated) and the ore map for the front faes
is ∂H . Likewise, sine the ore map of the left faes is −a˜∗V , the ore map of the right faes
must be −(∂H)∗: (AH)∗ → K∗ (whether or not ZH is inorporated). Lastly, the ore map of
the top faes is π
#
V :T
∗((AV )∗) → T ((AV )∗), the anhor for the Poisson struture on (AV )∗
dual to the given Lie algebroid struture on AV . (These observations are all speial ases of
[10, 3℄.)
Eah of the maps of the ore double vetor bundles indues on T ∗M → (AV )∗ the map
−a∗V .
Similarly we an analyze π#H :T ∗(A∗H)→ T (A∗H) as a morphism of triple vetor bundles,
and obtain
χH : (A
∗H)† → T (K∗).
For Condition II, note rst that it is automati that a˜V is a morphism of Lie algebroids
over AH and that aV is a morphism of Lie algebroids over M .
Condition II
The anhors a˜V and aV form a morphism of Lie algebroids with respet to the horizontal
struture on A and the prolongation to TAH → TM of the struture on AH →M . Likewise,
the anhors a˜H and aH form a morphism of Lie algebroids with respet to the vertial struture
on A and the prolongation to TAV → TM of the struture on AV →M .
By Condition I and the disussion preeding it, the Poisson struture on A∗H → K∗ is
linear, and therefore indues a Lie algebroid struture on its dual (A∗H)†. We use ZV to
transfer this to A∗V → K∗. Similarly the linear Poisson struture on A∗V → K∗ indues a
Lie algebroid struture on (A∗V )† → K∗.
Condition III
With respet to these strutures, (A∗V , (A∗V )†) is a Lie bialgebroid. Further, (A∗V ;AH,K∗;M)
is an LA-vetor bundle with respet to the horizontal Lie algebroid strutures and
(A∗H ;K∗, AV ;M) is an LA-vetor bundle with respet to the vertial strutures.
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Denition 2.3 A double Lie algebroid is a double vetor bundle as in Figure 1(a) equipped
with Lie algebroid strutures on all four sides suh that the above onditions I, II, III are
satised.
The notion of Lie bialgebroid was dened in [12℄ in terms of the oboundary operators
assoiated to A and to A∗; a more eient and elegant reformulation was then given in [4℄.
The denition most useful to us here is quoted below in 3.1. For the moment we only need
the following.
Suppose that (E,E∗) is a Lie bialgebroid on base P and denote the anhors by e and e∗.
Then we take the Poisson struture on P to be π
#
P = e∗ ◦ e
∗
; this is the opposite to [12℄, but
the same as [4℄. It follows that e is a Poisson map (to the tangent lift struture on TP ) and
e∗ is antiPoisson.
One expets the ore of a double Lie algebroid to have a Lie algebroid struture indued
from those on A. However, as 2.2 shows, the straightforward embedding of K in terms of ore
setions yields only the zero struture (see also [9℄). Here we obtain the orret struture in
terms of its dual.
The anhor of (A∗V )† is χV , the appropriate orner map of the Poisson anhor for A
∗V
.
On the other hand, the anhor for A∗V itself is χH ◦ Z
−1
V . So the Poisson anhor for K
∗
is
π
#
K∗ = χV ◦ (Z
−1
V )
† ◦ χ†H .
Now Z
†
V = ZH has side map −id:A
V → AV and χV has side map aV . The side map of χ
†
H is
the dual of the ore map −(∂V )∗ of χH . Thus the side map of π
#
K∗ is aV ◦ ∂
V
. One likewise
heks that the ore map is −(∂H)∗ ◦ a∗H . This proves the rst half of the following result.
Proposition 2.4 The anhor aK for the Lie algebroid struture on K indued by the Poisson
struture on K∗ whih arises from the Lie bialgebroid struture on (A∗V , (A∗V )†) is aV ◦∂
V =
aH ◦ ∂
H
. The maps ∂H :K → AH and ∂V :K → AV are Lie algebroid morphisms.
Proof. Sine
χV is the anhor for (A
∗V )†, it is antiPoisson into T (K∗). Regarding χV as a
morphism of the right faes in Figure 4, its ore is −(∂H)∗, whih is therefore antiPoisson.
So ∂H is a morphism of Lie algebroids.
The most fundamental example motivating 2.3 is of ourse that of the double Lie algebroid
of a double Lie groupoid, as onstruted in [8℄, [9℄. Most of what is required to verify that the
double Lie algebroid of a double Lie groupoid does satisfy 2.3 has been proved in [10℄, but we
reall the details briey.
In order to proeed, we need to desribe the notion of double Lie groupoid in more detail
(see [8℄ and referenes given there). A double Lie groupoid onsists of a manifold S equipped
with two Lie groupoid strutures on bases H and V , eah of whih is a Lie groupoid over
a ommon base M , suh that the struture maps (soure, target, multipliation, identity,
inversion) of eah groupoid struture on S are morphisms with respet to the other; see
Figure 5(a). One should think of elements of S as squares, the horizontal edges of whih ome
from H, the vertial edges from V , and the orner points from M .
Consider a double Lie groupoid (S;H,V ;M) as in Figure 5(a). Applying the Lie funtor
to the vertial struture S−→− H gives a Lie algebroid AV S → H whih has also a groupoid
struture over AV obtained by applying the Lie funtor to the struture maps of S−→− V ; this
7
S −−−→−−− V
y
y
y
y
H −−−→−−− M
(a)
AV S −−−→−−− AV
y
y
H −−−→−−− M
(b)
A2S −−−→ AV
y
y
AH −−−→ M
()
Figure 5:
is the vertial LA-groupoid of S [8, 4℄, as in Figure 5(b). The Lie algebroid of AV S−→− AV
is denoted A2S; there is a double vetor bundle struture (A2S;AH,AV ;M) obtained by
applying A to the vetor bundle struture of AV S → H [9℄; see Figure 5(). Reversing the
order of these operations, one denes rst the horizontal LA-groupoid (AHS;AH,V ;M) and
then takes the Lie algebroid A2S = A(AHS). The anonial involution JS :T
2S → T 2S
then restrits to an isomorphism of double vetor bundles jS :A
2S → A2S and allows the Lie
algebroid struture on A2S → AV to be transported to A2S → AV . Thus A2S is a double
vetor bundle equipped with four Lie algebroid strutures; in [9℄ we alled this the double Lie
algebroid of S. The ore of both double vetor bundles A2S and A
2S is AC, the Lie algebroid
of the ore groupoid C −→− M of S [9, 1.6℄.
Consider A2S. The struture maps for the horizontal vetor bundle A2S → AV are
obtained by applying the Lie funtor to the struture maps of AHS → V and are therefore Lie
algebroid morphisms with respet to the vertial Lie algebroid strutures. The orresponding
statement is true for the vertial vetor bundle A2S → AH and this is transported by jS to
A2S → AH. Thus Condition I holds.
Let
∨
aV :A2S → TAH denote the anhor for the Lie algebroid of AHS −→− AH. Then, as
with any Lie groupoid,
∨
aV= A(
∨
χV ) where
∨
χV :AHS → AH × AH ombines the target and
soure of AHS−→− AH. It is easily heked that
∨
χV is a morphism of LA-groupoids over
χV :V → M × M and id:AH → AH, and so it follows, by using the methods of [9, 1℄,
that
∨
aV is a morphism of Lie algebroids over aV . Similarly one transports the result for the
anhors A2S → TAV and AH → TM . Thus Condition II is satised.
Now onsider the bialgebroid ondition. The vertial dual A∗V is A∗(AHS) and in order
to take the dual of this over A∗C we use the isomorphism j′
V :A∗(AHS) → A(A
∗
V S) of [10,
(20)℄. This indues (A∗V )† ∼= A∗(A∗V S).
Now the struture on A∗V itself omes from (A∗H)†. We have A∗H = A•(AHS) and the
isomorphism IH :A(A
∗
HS) → A
•(AHS) assoiated to the LA-groupoid AHS in [10, 3℄ (see
also (5) below) allows us to identify (A∗H)† with A∗(A∗HS).
So (A∗V , (A∗V )†) is eetively given by (A∗(A∗HS), A
∗(A∗V S)). Now use the isomorphism
DH :A
∗(A∗HS) → A(A
∗
V S) of [10, 3.9℄ and we have (A(A
∗
V S), A
∗(A∗V S)); this is the Lie bial-
gebroid of A∗V S−→− A
∗C whih was proved to be a Poisson groupoid in [10, 2.12℄. Notie that
we started with A2S, dened in terms of the horizontal LA-groupoid, and ended with the Lie
bialgebroid of the dual of the vertial LA-groupoid.
To make this sketh into a proof, one must ensure that the various isomorphisms preserve
the Poisson strutures involved. Rather than do this, we prove a more general result.
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Consider an LA-groupoid as in Figure 6(a); that is, Ω is both a Lie algebroid over G and
a Lie groupoid over A, and eah of the groupoid struture maps is a Lie algebroid morphism;
further, the map Ω→ A ×
M
G dened by the soure and the bundle projetion, is a surjetive
submersion. Applying the Lie funtor vertially gives a double vetor bundle A = AΩ as in
q˜
Ω −−−→ G
y
y
y
y
A −−−→ M
qA
(a)
A(q˜)
AΩ −−−→ AG
∨
q
y
y qG
A −−−→ M
qA
(b)
Figure 6:
Figure 6(b), with Lie algebroid strutures on the vertial sides. It is shown in [9, 1℄ that the
Lie algebroid struture of Ω→ G may be prolonged to AΩ→ AG.
That the anhor
∨
a:AΩ → TA for the Lie algebroid of Ω−→− A is a morphism of Lie
algebroids over aG:AG → TM follows as in the ase of A2S above. The anhor a:AΩ →
TAG for the prolongation struture is j−1G ◦ A(a˜) where jG:TAG → ATG is the anonial
isomorphism of [12, 7.1℄. Sine a˜: Ω → TG is a groupoid morphism over a:A → TM , and
jG is an isomorphism of Lie algebroids over TM , it follows that Condition II is satised.
Condition I is dealt with in the same way.
It was shown in [10, 3℄ that Ω∗−→− K∗, the dual groupoid of Ω, together with the Poisson
strutures on Ω∗ and K∗ dual to the Lie algebroid strutures on Ω and the ore K, is a Poisson
groupoid. Thus Condition III will follow from the next result.
Theorem 2.5 The anonial isomorphism of double vetor bundles R = Rgpd:A∗Ω∗ →
A∗Ω = A∗V is an isomorphism of Lie bialgebroids
(A∗Ω∗, AΩ∗)→ (A∗V , (A∗V )†)
where (AΩ∗, A∗Ω∗) is the Lie bialgebroid of the Poisson groupoid Ω∗−→− K∗.
We rst reall the map R from [10, 3.8℄. Assoiated with AΩ oriented as in Figure 6(b)
there is the pairing of the vertial and horizontal duals (3), whih we write in mnemoni form:
〈A∗Ω, A•Ω〉K∗ = 〈A
•Ω, AΩ〉AG − 〈A
∗Ω, AΩ〉A
with the subsripts indiating the bases of the pairings. Using the anonial isomorphism
I:AΩ∗ → A•Ω indued by the pairing 〈〈 , 〉〉:AΩ∗ ×
AG
AΩ→ R, we obtain, as in [10, (18)℄,
‡A∗Ω, AΩ∗‡ = 〈〈AΩ∗, AΩ〉〉 − 〈A∗Ω, AΩ〉A. (5)
Now R is dened by ‡X , R(F)‡ = 〈X ,F〉, where X ∈ AΩ∗,F ∈ A∗Ω∗, and the pairing on the
RHS is the standard one over K∗. We nally have
〈X ,F〉K∗ + 〈R(F),Ξ〉A = 〈〈X ,Ξ〉〉 (6)
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for ompatible Ξ ∈ AΩ. Equivalently, the anonial isomorphism ZV : (A
•Ω)† → A∗Ω is given
by
ZV = R ◦ I
†. (7)
The rst part of the following result was stated without proof in [10, 3℄.
Proposition 2.6 (i) The map R:A∗Ω∗ → A∗Ω is antiPoisson from the Poisson struture
dual to the Lie algebroid of Ω∗−→− K∗ to the Poisson struture dual to the Lie algebroid of
Ω−→− A.
(ii) The map I:AΩ∗ → A•Ω is Poisson from the Poisson struture indued on AΩ∗ [19℄ by
the Poisson groupoid struture on Ω∗−→− K∗, to the Poisson struture dual to the prolonged
Lie algebroid struture on AΩ→ AG.
Proof. It sues [19℄ to prove that the graph of R is oisotropi in A∗Ω∗ × A∗Ω. Let
S = Ω∗ ×
G
Ω and write F :S → R for the pairing. Then F is a groupoid morphism, where S
is the pullbak groupoid over K∗ ×
M
A, and so, as in [10, 3.7℄, we an apply the Lie funtor
and get 〈〈 , 〉〉 = A(F ):AS → R. This is linear and so denes a setion ν of the dual of AS,
whih is losed sine A(F ) is a morphism. So by [13, 4.6℄, the image of ν is oisotropi.
It remains to show that the image of ν oinides with the graph of R. The image of ν
onsists of those (F ,X ) ∈ A∗κΩ×A
∗
Y Ω suh that
〈(F ,Φ〉, (X ,Ξ)〉 = A(F )(X ,Xi)
for all (X ,Ξ) ∈ AS ompatible with (F ,Φ). As in [12, 5.5℄, this equation expands to (6).
We leave the proof of (ii) to the reader.
Proof of Theorem 2.5: We must rst show that R is an isomorphism of Lie algebroids
A∗Ω∗ → A∗V . Now the Lie algebroid struture on A∗V is indued from (A∗H)† via ZV . So
what we have to show is that Z−1V ◦R:A
∗Ω∗ → (A•Ω)† is an isomorphism of Lie algebroids, and
this is equivalent to the dual over K∗ being Poisson. This dual is, using (7), I−1:A•Ω→ AΩ∗,
and so the result follows from 2.6(ii) above.
Seondly we must show that R†: (A∗V )† → AΩ∗ is an isomorphism of Lie algebroids over
K∗. (Note that the minus sign is in the bundle over K∗.) This is equivalent to showing that
the dual R:A∗Ω∗ → A∗Ω is Poisson, and this is 2.6(i) above.
In summary, we have proved:
Theorem 2.7 The double Lie algebroid (AΩ;A,AG;M) of an LA-groupoid (Ω;A,G;M), as
onstruted in [9, 1℄, is a double Lie algebroid as dened in 2.3.
In partiular, the double Lie algebroids (A2S;AH,AV ;M) and (A
2S;AH,AV ;M) of a
double Lie groupoid (S;H,V ;M), as onstruted in [9, 2℄, are double Lie algebroids as dened
in 2.3.
Example 2.8 Let A be any Lie algebroid on M . Then Ω = A × A has an LA-groupoid
struture over M ×M and A, and the assoiated double Lie algebroid onstruted in [9, 1℄
is (TA;A,TM ;M).
The assoiated duals are A∗V = T ∗A and A∗H = T •A. Using R and I as in [12℄, these an
be identied with T ∗A∗ and T (A∗), as bundles over A∗. The Lie algebroid struture on T ∗A∗
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is the otangent of the dual Poisson struture on A∗. The Lie algebroid struture on T (A∗)
is the standard tangent bundle struture. This is the standard Lie bialgebroid (T ∗P, TP ) for
P = A∗.
Example 2.9 Taking A = TM in the previous example, we see that T 2M is a double Lie
algebroid with assoiated bialgebroid (T ∗T ∗M,TT ∗M). This is a Lie bialgebroid over T ∗M ,
the indued Poisson struture being the standard sympleti struture.
The double Lie algebroids onsidered in the next two setions do not neessarily have an
underlying LA-groupoid.
3 THE DOUBLE LIE ALGEBROID OF A LIE
BIALGEBROID
Here we use the following riterion for a Lie bialgebroid.
Theorem 3.1 [12, 6.2℄ Let A be a Lie algebroid on M suh that its dual vetor bundle A∗
also has a Lie algebroid struture. Denote their anhors by a, a∗. Then (A,A
∗) is a Lie
bialgebroid if and only if
T ∗(A∗)
R
−→ T ∗(A)
pi
#
A−→ TA (8)
is a Lie algebroid morphism over a∗, where the domain T
∗(A∗) → A∗ is the otangent Lie
algebroid indued by the Poisson struture on A∗, and the target TA → TM is the tangent
prolongation of A.
Consider a Lie algebroid A on M together with a Lie algebroid struture on the dual, not
a priori related to that on A. The struture on A∗ indues a Poisson struture on A, and this
gives rise to a otangent Lie algebroid T ∗A → A. Equally, the Lie algebroid struture on A
indues a Poisson struture on A∗ and this gives rise to a otangent Lie algebroid T ∗A∗ → A∗.
We transfer this latter struture to T ∗A→ A∗ via R.
There are now four Lie algebroid strutures on the four sides of A = T ∗A as in Figure 2(b).
Theorem 3.2 Let A be a Lie algebroid on M suh that its dual vetor bundle A∗ also has a
Lie algebroid struture. Then (A,A∗) is a Lie bialgebroid if and only if A = T ∗A, with the
strutures just desribed, is a double Lie algebroid.
Proof. Assume that (A,A∗) is a Lie bialgebroid. The vertial struture on A is the otangent
Lie algebroid struture for the Poisson struture on A. The anhor of this is a morphism of
double vetor bundles π
#
A :T
∗A → TA over a∗:A
∗ → TM and idA, induing −a
∗
∗:T
∗M → A
on the ores. Now the horizontal struture has the otangent Lie algebroid struture for the
Poisson struture on A∗, transported via R = RA:T
∗A∗ → T ∗A. So the ondition that π#A is
a morphism of Lie algebroids over a∗ with respet to the horizontal struture is preisely 3.1.
On the other hand, the anhor for the horizontal struture is
π
#
A∗ ◦R
−1:T ∗A→ T (A∗),
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and this is a morphism of double vetor bundles over a:A→ TM and idA∗ , induing +a
∗
on
the ores. Sine R−1 = RA∗ , the ondition that this anhor be a morphism with respet to
the vertial struture is preisely the dual form of 3.1, to whih 3.1 is equivalent by [12, 3.10℄
or [4℄.
The vertial dual of A is the tangent double vetor bundle as in Figure 2(a). Being the
dual of a Lie algebroid, the vertial struture of this has a Poisson struture; this is the tangent
lift of the Poisson struture on A [12, 5.6℄. The orresponding Poisson tensor is
π
#
TA = JA ◦ T (π
#
A ) ◦ θ
−1
A
where JA:T
2A → T 2A is the anonial involution for the manifold A and θA:T (T
∗A) →
T ∗(TA) is the anonial map α of [18℄, denoted J ′ in [12, 5.4℄.
We must hek that this Poisson struture oinides with that indued from the dual of
A∗H . Note that we have K∗ = TM here and to avoid onfusion we drop the † notation in
this ase and denote all duals over TM by •. Duals over A∗ will be denoted ∗A
∗
.
Consider I ◦ R∗A
∗
: (T ∗A)∗A
∗
→ T •A. This preserves the ore A∗ and the side A∗ but
reverses the side TM . Dene W = −I ◦ R∗A
∗
where the minus is for the bundle over A∗.
Then W •:TA→ (A∗H)• and the reader an hek that Z−1V = W
•
where the heavy minus
is over TM . See alternatively [10, 3.3℄.
To prove that ZV : (A
∗V )• → TA is an isomorphism of Lie algebroids over TM we must
show that W is an antiPoisson map. This may be done diretly or by observing that −W
is, in terms of the double Lie algebroid A′ = TA of 2.8, the map (Z ′V )
† = Z ′H .
So we have A∗V = TA and (A∗V )• = T •A and Condition III follows from the next result.
We use I to replae T •A by TA∗.
Lemma 3.3 Given that (A,A∗) is a Lie bialgebroid onM , the tangent prolongation strutures
make (TA, TA∗) a Lie bialgebroid on TM with respet to the tangent pairing.
Proof. We use the bialgebroid riterion of 3.1. We must prove that
T ∗(TA∗)
R˜
−→ T ∗(TA)
pi
#
TA−→ T 2A (9)
is a morphism of Lie algebroids over the anhor of TA∗ whih, by [12, 5.1℄, is JM◦T (a∗):TA
∗ →
T 2M . Here R˜ is the anonial map R for TA→ TM , transported using I:TA∗ → T •A. The
domain of (9) is the otangent Lie algebroid for the Poisson struture on TA∗, whih Poisson
strutureagain by [12, 5.6℄is both the tangent lift of the Poisson struture on A∗ and
the dual (via I) of the prolongation Lie algebroid struture on TA. The target of (9) is the
iterated tangent prolongation of the Lie algebroid struture of A.
Now R˜ = θA ◦ T (RA) ◦ θ
−1
A∗ and so
π
#
TA ◦ R˜ = JA ◦ T (π
#
A ◦RA) ◦ θ
−1
A∗ .
We know that π
#
A ◦RA:T
∗A∗ → TA is a morphism of Lie algebroids over a∗, so T (π
#
A ◦RA)
is a morphism of the prolongation strutures over T (a∗). We need two further observations.
Firstly, for any Poisson manifold, θP :T (T
∗P )→ T ∗(TP ) is an isomorphism of Lie algebr-
oids over TP from the tangent prolongation of the otangent Lie algebroid struture on T ∗P
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to the otangent Lie algebroid of the tangent Poisson struture [9, 2.13℄. We apply this to
P = A∗.
Seondly, JA:T
2A → T 2A is a Lie algebroid automorphism over JM of the iterated pro-
longation of the given Lie algebroid struture on A.
Putting these fats together, we have that π
#
TA ◦ R˜ is a Lie algebroid morphism.
Now onversely suppose that A is a Lie algebroid on M and that A∗ has a Lie algebroid
struture, not a priori related to the struture on A. Consider A = T ∗A with the two
otangent Lie algebroid strutures arising from the Poisson strutures on A∗ and A, and
suppose that these strutures make A a double Lie algebroid.
Then in partiular the anhor of the horizontal struture must be a Lie algebroid morphism
with respet to the other strutures, as in Condition II, and this is
T ∗A
RA∗−→ T ∗A∗
pi
#
A∗−→ TA∗
That this be a Lie algebroid morphism over a:A→ TM is preisely the dual form of 3.1.
This ompletes the proof of Theorem 3.2.
Reall the Manin triple haraterization of a Lie bialgebra, as given in [6℄: Given a Lie
bialgebra (g, g∗) the vetor spae diret sum d = g ⊕ g∗ has a Lie algebra braket dened
in terms of the two oadjoint representations. This braket is invariant under the pairing
〈X +ϕ, Y +ψ〉 = ψ(X) +ϕ(Y ) and both g and g∗ are oisotropi subalgebras. Conversely, if
a Lie algebra d is a vetor spae diret sum g⊕ h, both of whih are oisotropi with respet
to an invariant pairing of d with itself, then h ∼= g∗ and (g, h) is a Lie bialgebra, with d as the
double.
Two aspets of this result onern us here. Firstly, it haraterizes the notion of Lie
bialgebra in terms of a single Lie algebra struture on d, the onditions being expressed in
terms of the simple notion of pairing. Seondly, the roles of the two Lie algebras g and g∗ are
ompletely symmetri; it is an immediate onsequene of the Manin triple result that (g, g∗)
is a Lie bialgebra if and only if (g∗, g) is so.
In onsidering a orresponding haraterization for Lie algebroids, the most important
dierene to note is that the struture on the double is no longer over the same base as the
given Lie algebroids. This is to be expeted in view of the results of [8, 2℄ for the double
groupoid ase. There it is proved that if a double groupoid (S;H,V ;M) has trivial ore (that
is, the only elements of S to have two touhing sides whih are identity elements, are those
whih are identities for both strutures), then there is a third groupoid struture on S, over
base M , alled in [8, p.200℄ the diagonal struture and denoted SD. With respet to this
struture on S, the identity maps from H and V into S are morphisms over M , and S as a
manifold is H ×
M
V . This diagonal struture is, in the ase where H and V are dual Poisson
groups, preisely the struture of the double group. The existene of the diagonal struture,
in the general formulation given in [8, 2℄, depends ruially on the fat that S has trivial
ore; that is, that S is vaant. Sine the ore of the double vetor bundle T ∗A, for A a vetor
bundle on M , is T ∗M , we expet T ∗A to possess a Lie algebroid struture over M only when
M is a point.
The role played in the bialgebra ase by the Lie algebra struture of d = g⊕ g∗ is taken,
for Lie bialgebroids, by the two strutures on T ∗A (whose bases are A and A∗). In plae of a
haraterization in terms of a single Lie algebroid struture on T ∗A with base M , Theorem
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3.2 gives a haraterization in terms of the two Lie algebroid strutures on T ∗A. The role of
the pairing in the bialgebra ase is taken in 3.2 by the isomorphism R.
The analysis of Lie bialgebras and Poisson Lie groups is usually given in terms of the
oadjoint representations and the dressing transformation ations. This was extended by [6℄,
[14℄ and [5℄ to the more general situation of mathed pairs of Lie groups and Lie algebras,
and in [8℄ to mathed pairs of groupoids. In the next setion we onsider the orresponding
results for Lie algebroids.
4 MATCHED PAIRS AND VACANT DOUBLE LIE
ALGEBROIDS
The notion of mathed pair of Lie algebras was introdued by KosmannShwarzbah and
Magri [5℄, who alled them extensions biroisées, by Lu and Weinstein [6℄, who alled them
double Lie algebras, and by Majid [14℄, who introdued the term mathed pair. (In fat, forms
of the onept had been found muh earlier; see [20℄ for referenes.) A mathed pair of Lie
algebras may be regarded as a triple (d, g, h) where the Lie algebra d is the vetor spae diret
sum of its subalgebras g and h; a mathed pair is thus the notion of Manin triple with the
duality aspet removed. A mathed pair an be desribed in terms of a pair of representations,
of g on h and of h on g, subjet to twisted derivation onditions. See the referenes above or
4.1, 4.2 below.
The orresponding onept of mathed pair of Lie groups [6℄, [14℄ was extended to group-
oids in [8℄. In [15℄, Mokri dierentiated the twisted automorphism equations of [8℄ to obtain
onditions on a pair of Lie algebroid representations, of A on B and of B on A, whih ensure
that the diret sum vetor bundle A ⊕ B has a Lie algebroid struture with A and B as
subalgebroids. We quote the following.
Denition 4.1 [15, 4.2℄ Let A and B be Lie algebroids on base M , with anhors a and b,
and let ρ:A→ CDO(B) and σ:B → CDO(A) be representations of A on the vetor bundle B
and of B on the vetor bundle A. Then A and B together with ρ and σ form a mathed pair
if the following equations hold for all X,X1,X2 ∈ ΓA, Y, Y1, Y2 ∈ ΓB:
ρX([Y1, Y2]) = [ρX(Y1), Y2] + [Y1, ρX(Y2)] + ρσY2 (X)(Y1)− ρσY1 (X)(Y2),
σY ([X1,X2]) = [σY (X1),X2] + [X1, σY (X2)] + σρX2(Y )(X1)− σρX1(Y )(X2),
a(σY (X))− b(ρX(Y )) = [b(Y ), a(X)].
Here CDO(E), for any vetor bundle E, is the vetor bundle whose setions are the rst
or zeroth order dierential operators D: ΓE → ΓE for whih there is a vetor eld X on M
with D(fµ) = fD(µ) + X(f)µ for all f ∈ C(M), µ ∈ ΓE. With anhor D 7→ X and the
usual braket, CDO(E) is a Lie algebroid (see [7, III2℄).
Proposition 4.2 [15, 4.3℄ Given a mathed pair, there is a Lie algebroid struture on the
diret sum vetor bundle A⊕B, with anhor c(X ⊕ Y ) = a(X) + b(Y ) and braket
[X1 ⊕ Y1,X2 ⊕ Y2] = {[X1,X2] + σY1(X2)− σY2(X1)} ⊕ {[Y1, Y2] + ρX1(Y2)− ρX2(Y1)}. (10)
Conversely, if A⊕B has a Lie algebroid struture making A⊕ 0 and 0⊕B Lie subalgebroids,
then ρ and σ dened by [X ⊕ 0, 0⊕ Y ] = −σY (X)⊕ ρX(Y ) form a mathed pair.
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We now show that mathed pairs orrespond preisely to double Lie algebroids with zero
ore. The following denition is a natural sequel to [8, 2.11, 4.10℄.
Denition 4.3 A double Lie algebroid (A;AH , AV ;M) is vaant if the ombination of the
two projetions, (q˜V , q˜H):A → A
H ×
M
AV is a dieomorphism.
Consider a vaant double Lie algebroid, whih we will write here as (A;A,B;M). Note
that A → AH and A → AV are the pullbak bundles q!AB and q
!
BA. The two duals are
A∗H = A∗⊕B and A∗V = A⊕B∗, as vetor bundles over M , and the duality is (see [10, 3.4℄)
〈X + ψ,ϕ + Y 〉 = 〈ϕ,X〉 − 〈ψ, Y 〉. (11)
The horizontal bundle projetion q˜A:A → B is a morphism of Lie algebroids over qA:A→
M and sine it is a brewise surjetion, it denes an ation of B on qA as in [2, 2℄. Namely,
eah setion Y of B indues the pullbak setion 1 ⊗ Y of q!AB and this indues a vetor
eld η(Y ) = b˜(1 ⊗ Y ) on A, where b˜:A → TA is the anhor of the vertial struture. By
Conditions I and II, η(Y ) is linear over the vetor eld b(Y ) on M , in the sense of [13, 1℄;
that is, η(Y ) is a vetor bundle morphism A → TA over b(Y ):M → TM . It follows that
η(Y ) denes ovariant dierential operators σ
(∗)
Y on A
∗
and σY on A by
η(Y )(ℓϕ) = ℓσ(∗)
Y
(ϕ)
, 〈ϕ, σY (X)〉 = b(Y )〈ϕ,X〉 − 〈σ
(∗)
Y (ϕ),X〉 (12)
where ϕ ∈ ΓA∗, X ∈ ΓA, and ℓϕ denotes the funtion A → R, X 7→ 〈ϕ(qAX),X〉; see [13,
2℄. Sine q˜A is a Lie algebroid morphism, it follows that σ is a representation of B on the
vetor bundle A.
Dually, q˜B is a morphism of Lie algebroids over qB and for eah X ∈ ΓA we obtain a linear
vetor eld ξ(X) ∈ X (B) over a(X). We likewise dene ovariant dierential operators ρ
(∗)
X
on B∗ and ρX on B by
ξ(X)(ℓψ) = ℓρ(∗)
X
(ψ)
, 〈ψ, ρX (Y )〉 = a(X)〈ψ, Y 〉 − 〈ρ
(∗)
X (ψ), Y 〉. (13)
Again, ρ
(∗)
X and ρX are representations of A.
In fat (see [2, 2℄) the two Lie algebroid strutures on A are ation Lie algebroids deter-
mined by the ations Y 7→ η(Y ) and X 7→ ξ(X). It follows that the dual Poisson strutures
are semidiret in a general sense, but we prefer to proeed on an ad ho basis.
For a general vetor bundle, the funtions on the dual are generated by the linear funtions
and the pullbaks from the base manifold. In the ase of a pullbak bundle suh as q!BA, one
an rene this desription a little further. Namely, if πB : q
!
BA
∗ → A∗ is (ϕ, Y ) 7→ ϕ, and
q˜A∗ : q
!
BA
∗ → B is the bundle projetion, then the funtions on q!BA
∗
are generated by all
ℓX ◦ πB, ℓψ ◦ q˜A∗ and f ◦ qB ◦ q˜A∗
where X ∈ ΓA, ψ ∈ ΓB∗ and f ∈ C(M). Now the Poisson struture on q!BA
∗
is haraterized
by
{ℓX1 ◦ πB , ℓX2 ◦ πB} = ℓ[X1,X2] ◦ πB, {ℓX ◦ πB, ℓψ ◦ q˜A∗} = ℓρ(∗)
X
(ψ)
◦ q˜A∗,
{ℓX ◦ πB, f ◦ qB ◦ q˜A∗} = a(X)(f) ◦ qB ◦ q˜A∗, {F1 ◦ q˜A∗, F2 ◦ q˜A∗} = 0, (14)
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where F1, F2 are any smooth funtions on B. Similarly,
{ℓY1 ◦ πA, ℓY2 ◦ πA} = ℓ[Y1,Y2] ◦ πA, {ℓY ◦ πA, ℓϕ ◦ q˜B∗} = ℓσ(∗)
Y
(ϕ)
◦ q˜B∗ ,
{ℓY ◦ πA, f ◦ qA ◦ q˜B∗} = b(Y )(f) ◦ qA ◦ q˜B∗ , {G1 ◦ q˜B∗ , G2 ◦ q˜B∗} = 0, (15)
Now these Poisson strutures indue Lie algebroid strutures on the diret sum bundles
A ⊕ B∗ and A∗ ⊕ B over M . Consider rst a setion X ⊕ ψ of Γ(A ⊕ B∗). Via the pairing
(11), this indues a linear funtion on q!BA
∗
, namely
ℓ
†
X⊕ψ = ℓX ◦ πB − ℓψ ◦ q˜A∗
where ℓ† refers to the pairing (11). By following through the equations (14) and (15) one
obtains the following.
Lemma 4.4 The Lie algebroid struture on A⊕B∗ indued as above has anhor e(X ⊕ψ) =
a(X) and braket
[X1 ⊕ ψ1,X2 ⊕ ψ2] = [X1,X2]⊕ {ρ
(∗)
X1
(ψ2)− ρ
(∗)
X2
(ψ1)}. (16)
The Lie algebroid struture on A∗ ⊕ B indued as above has anhor e∗(ϕ ⊕ Y ) = −b(Y )
and braket
[ϕ1 ⊕ Y1, ϕ2 ⊕ Y2] = {σ
(∗)
Y2
(ϕ1)− σ
(∗)
Y1
(ϕ2)} ⊕ [Y2, Y1]. (17)
Thus A ⊕ B∗ is the semidiret produt (over the base M , in the sense of [7℄) of A with
the vetor bundle B∗ with respet to ρ(∗). However A∗ ⊕ B is the opposite Lie algebroid to
the semidiret produt of B with A∗.
We an now apply Condition III to A⊕ B∗ and A∗ ⊕ B. For brevity write E = A⊕ B∗.
Reall [12℄, [4℄ that (E,E∗) is a Lie bialgebroid if and only if
dE [ϕ1 ⊕ Y1, ϕ2 ⊕ Y2] = [d
E(ϕ1 ⊕ Y1), ϕ2 ⊕ Y2] + [ϕ1 ⊕ Y1, d
E(ϕ2 ⊕ Y2)] (18)
for all ϕ1 ⊕ Y1, ϕ2 ⊕ Y2 ∈ ΓE
∗
. It follows [12, 3.4℄ that for any f ∈ C(M), X ⊕ ψ ∈ ΓE,
LdEf (X ⊕ ψ) + [d
E∗f,X ⊕ ψ] = 0. (19)
It is easy to hek that
dEf = dAf ⊕ 0, dE
∗
f = 0⊕ dBf ;
note that these imply that the Poisson struture indued on M by the Lie bialgebroid (E,E∗)
is zero. Now the Lie derivative in (19) is a standard Lie derivative for E∗ and so
〈LdEf (X ⊕ ψ), ϕ ⊕ Y 〉 = e∗(d
Ef)〈X ⊕ ψ,ϕ⊕ Y 〉 − 〈X ⊕ ψ, [dEf, ϕ⊕ Y ]〉
= 0− 〈X ⊕ ψ, σ
(∗)
Y (d
Af)⊕ 0〉
= 〈dAf, σY (X)〉 − b(Y )〈d
Af,X〉
= a(σY (X))(f) − b(Y )a(X)(f) (20)
where we used (12) and (17). Expanding out the braket term in (19) in a similar way, we
obtain the third equation in 4.1.
Now onsider the bialgebroid equation (18). We alulate this in the ase ϕ1 = ϕ2 = 0,
with arguments 0 ⊕ ψ1, X2 ⊕ 0. With these values we refer to (18) as equation (18)0. First
we need the following lemma, whih is a straightforward alulation.
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Lemma 4.5
dE(ϕ⊕ Y )(X1 ⊕ ψ1,X2 ⊕ ψ2) = (d
Aϕ)(X1,X2) + 〈ψ1, ρX2(Y )〉 − 〈ψ2, ρX1(Y )〉.
The LHS of (18)0 is easily seen to be 〈ψ1, ρX2 [Y2, Y1]〉. On the RHS, onsider the seond
term rst. Regarding the braket as a Lie derivative, we have
〈L0⊕Y1(d
E(0⊕ Y2)), (0 ⊕ ψ1) ∧ (X2 ⊕ 0)〉 (21)
= L0⊕Y1〈d
E(0⊕ Y2), (0⊕ ψ1) ∧ (X2 ⊕ 0)〉 − 〈d
E(0⊕ Y2), L0⊕Y1((0⊕ ψ1) ∧ (X2 ⊕ 0))〉
Sine e∗(0⊕Y1) = −b(Y1), the rst term is −b(Y1)〈ψ1, ρX2(Y2)〉. For the seond term we need
the following lemma.
Lemma 4.6 For any ϕ ⊕ Y ∈ ΓE∗, X ⊕ ψ ∈ ΓE, we have Lϕ⊕Y (X ⊕ ψ) = −σY (X) ⊕ ψ
where for any Y ′ ∈ B,
〈ψ, Y ′〉 = −b(Y )〈ψ, Y ′〉+ 〈σ
(∗)
Y ′ (ϕ),X〉 + 〈ψ, [Y, Y
′]〉.
Proof. This is a Lie derivative for E∗ and applying the same devie as in (20) we have, for
any ϕ⊕ Y ′ ∈ ΓE∗,
〈ϕ′ ⊕ Y ′, Lϕ⊕Y (X ⊕ ψ)〉 = −〈ϕ
′, σY (X)〉 + b(Y )〈ψ, Y
′〉 − 〈σ
(∗)
Y ′ (ϕ),X〉 + 〈ψ, [Y
′, Y ]〉.
Setting Y ′ = 0 and ϕ′ = 0 in turn gives the result.
Now expand out the Lie derivative of the wedge produt in (21) and apply Lemma 4.6.
One obtains for the seond term on the RHS of (18)0
−〈ψ1, [Y1, ρX2(Y2)]〉+ 〈ψ1, ρσY1 (X2)(Y2)〉.
The rst term on the RHS of (18)0 is easily obtained from this, and ombining with the LHS
we have the rst equation in 4.1. The seond equation is obtained in a similar way from the
dual form of (18).
This ompletes the proof of the rst part of the following result. The seond part is proved
essentially by reversing the steps.
Theorem 4.7 Let (A;A,B;M) be a vaant double Lie algebroid. Then the two Lie algebroid
strutures on A are ation Lie algebroids orresponding to ations whih dene representations
ρ, of A on B, and σ, of B on A, with respet to whih A and B form a mathed pair.
Conversely, let A and B be a mathed pair of Lie algebroids with respet to ρ and σ. Then
the ation of A on qB indued by ρ and the ation of B on qA indued by σ dene Lie algebroid
strutures on A = A ×
M
B with respet to whih (A;A,B;M) is a vaant double Lie algebroid.
In the ase of a Lie bialgebra (g, g∗), the Lie bialgebroid assoiated to the vaant double
Lie algebroid is thus (g⊕ g0, g
∗⊕ g∗0) where the subsripts denote the abelianizations. This is
of ourse onsistent with 3.2 in the bialgebra asewhih is both a bialgebroid and a mathed
pair.
One other example whih should be mentioned briey is that of anoids. An anoid
[20℄ may be regarded as a vaant double Lie groupoid in whih both side groupoids H and
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V are the graphs of simple foliations dened by surjetive submersions π1:M → Q1 and
π2:M → Q2. The orresponding double Lie algebroid was alulated in [9℄ to be a pair of
onjugate at partial onnetions adapted to the two foliations. The bialgebroid in this ase is
(T pi1M⊕(T pi2M)∗, (T pi1M)∗⊕T pi2M) with semidiret strutures dened by the onnetions.
Theorem 4.7 provides a diagrammati haraterization of mathed pairs of Lie algebroids,
diretly omparable to the diagrammati desription of mathed pairs of group(oid)s given
in [8, 2℄. In the groupoid ase, the twisted multipliativity equations are fairly unintuitive,
and we believe that the derivation of them diretly from the vaant double groupoid axioms
has been a signiant lariation. In the Lie algebroid ase the equations in 4.1 are again
not simple and, unlike the groupoid ase, are dened in terms of setions rather than ele-
ments. Nonetheless the haraterization given by 4.7 is purely diagrammati: reall that the
haraterization 3.1 of a Lie bialgebroid is formulated entirely in terms of the Poisson tensor
and the anonial isomorphism R. Thus we have a denition of mathed pair whih an be
formulated more generally in a ategory possessing pullbaks and suitable additive struture.
We will show elsewhere that it is possible to obtain the Lie algebroid struture on A⊕B
over M diretly from the two strutures on A.
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